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CN| ■ Abstract. Power series are introduced that are simultaneously convergent for all real 

[ and p-adic numbers. Our expansions are in some aspects similar to those of exponential, 

O ' trigonometric, and hyperbolic functions. Starting from these series and using their 

factorial structure new and summable series with rational sums are obtained. For 
arguments x e Q adeles of series are constructed. Possible applications at the Planck 
scale are also considered. 
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1. INTRODUCTION 

The field of rational numbers is of central importance in physics and mathematics. It 
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O ■ is well known that all results of measurements belong to Q, i.e. that the irrational 
numbers cannot be measured. From a mathematical point of view Q is the simplest 
infinite number field. Completion of Q with respect to the absolute value gives the 
field of real numbers M. Algebraic closure of M leads to the field of complex numbers C 
Although experimental results are given in Q, theoretical models are usually constructed 
over R or C. Comparison between theory and experimental results performs within Q. 

However, it is interesting that in addition to the standard absolute value there exist 
p-adic norms (valuations) on Q. Completions of Q with respect to p-adic norms give us 
the fields of p-adic numbers Qp (p = a prime number). There is also a p-adic analog of 
the complex numbers. According to this similarity between p-adic and real numbers, it 
is natural to expect that p-adic numbers should also play a significant role in theoretical 
and mathematical physics. 

Since 1987, p-adic numbers have been successfully considered in string theory 
PP, quantum mechanics j2], quantum field theory [3], and in some other branches of 
theoretical |31 Ej and mathematical [Hj physics. Such new theoretical constructions are 
p-adic analogs of some models on real (or complex) numbers. 

There has been also a research on various p-adic aspects of the perturbation series 
[Zj. It is shown that the usual perturbation series, which are divergent in the real case, 
are p-adic convergent. Summability of a given series in all but a finite number of Qp 
may be used for summation of a divergent counterpart at the rational points. 

In order to make a direct connection of p-adic models with the real one it seems to 
be necessary to have convergence in M and all Qp within the common domain of rational 
numbers. However, the standard power series of theoretical physics do not satisfy this 



Power series everywhere convergent on M and all Q. 



2 



property. For example, expansions of functions exp x, sin x, cos x, sinh x, and coshx are 
convergent in the p-adic case for |x|p < 1 if p 7^ 2 and |x|2 < |. As a consequence, there 
is no 7^ X G Qp for which these functions are defined for any p. 

This paper is devoted to the power series that converge everywhere on M and 
everywhere on Qp for every p. These analytic functions are simple and suitable 
modifications of expansions for exponential, trigonometric, and hyperbolic functions. 

An appropriate mathematical background on p-adic numbers and p-adic analysis 
can be found in Refs. P^-PH]. 



2. EVERYWHERE CONVERGENT SERIES 



In theoretical physics we often encounter a power series 

00 

J^^no;", (1) 

n=0 

where y4„ G Q and x G Q. If we take x G Qp series (QJ) may be treated as the p- 
adic one. It is obvious that the domain of convergence for any of the number fields 
depends on coefficients An. One usually has that to large (small) radius of convergence 
in the real case corresponds the small (large) one in the p-adic case. In order to 
improve this situation we shale make an appropriate modification of some elementary 
functions. By virtue of the simplicity and enormous applications in overall theoretical 
and mathematical physics we shall concentrate our attention on the exponential, 
trigonometric, and hyperbolic functions. 
Recall that the series 

n=0 ' 

contains the following functions: expx (e = 1, /i = 1, i/ = 0), cosx (e = —1, fi = 2, u = 
0), sinx(e = 1, fi = 2, u = 1), coshx (e = 1, yU = 2, z/ = 0), and sinhx(e = 1, /i = 
2, 1/ = 1). It is well known from classical analysis that series (j2]) is everywhere convergent 
on M. 

Theorem 1: Power series 

*iiw-g^"e.(;i^. (3) 

where e±l, 0<gGQ, yUG N, z/G No = NU {0}, and 

((/xn + z/)!) ^"+" 
q + {{fin + z/)! 

converges for all x G M and all x G Qp for every p. 

Proof: In a real case the above theorem follows from the fact that for large enough 
n parameter q can be neglected in comparison to the factorial term and ijj^n+u be 
approximated by 1. Hence series Q asymptotically behaves like (0) which is convergent 



/-(<?) ^ UF'^^^;-; /.x 
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at all real x. Recall |8J that, in p-adic case, a necessary and sufficient condition for a 
convergence of (HJ is 

I A„x" |p— s> 0, as n — > oo. (5) 

As a consequence of (jS]) it is enough to consider the p-adic norm of the general term in 
©, i.e.. 



'■ im+u 



\q + {{fm + z/ 

Since the p-adic norm satisfies the strong triangle inequality, one has 

|g+((/xn + z/)!r+np=klp (7) 
for large enough n. Note that 

|n!|p =p-("-"')/(P-i), (8) 

where n' is the sum of digits in the canonical expansion of n over p. According to (jH)), 
one has, for the numerator of 

|(^^ z/)!|^"+'^~-^ = (p~'t[^'"+'"-('^"+'')'l/(p-i)}[(/™+'^-i)/{^^"+'^)] \x\pY"'~^'' — > , (9) 

which is valid for any p and all x G Qp . On the basis of (|7j) and it follows everywhere 
convergence on Qp for any p. Thus Theorem 1 is proved. 

Among all possible examples of analytic functions contained in power series we 
want to point out the following ones: 



n=0 



q + (nl)"' n\ 



cos„ X = Yi-ir ,,,, T-^ im 



,=0 g + ((2n)!)2" (2n)! 



V^, 2n+l 2n+l 3;2n+l 

sin, X = > -ir \, 7 TT 10c 



g+ ((2n + l)!)2"+i (2n + 1^ 
((2n)!)2" x2" 

(7 - 

n=0 



n=0 

((2^)!)"" X"" , ,, 

coshoX = > 77 — --TTTr -, — rr (lOct) 

^ g + ((2n)!)2" (2n)! ^ ^ 



_^ ((2n + l)!)2»+i x2-+^ 
' '^''"^g+((2n + l)!)2-+i (2n+l)! ^ 

Inverse functions of (lOa)-(lOe) can be defined in the usual way, where coefficients 
in the power expansions are appropriately modified. For example, 

|/ = ln,x = X;(-ir^^i^^ ^° ^ 

n=l 

where 4"^^ = (g + and af = (4^^^ = g + 1, = 4'V(^^)' = 4(g + l)V(g + 
4),---. 
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Recall ^0] that an adele is an infinite sequence 

a = (ooo, a2, ■ ■ ■ ,ap, ■ ■ ■), (10) 

where Ooo € Qoo = M, Op G Qp with the restriction that all but a finite number of 
Op e Zp = {a; e Qpl |x|p < 1}. The set of adeles A is a ring under componentwise 
addition and componentwise multiplication. It is an additive group A"*" with respect to 
addition. The subset of A with Aoo 7^ 0, Ap 7^ for all p, and |Ap|p = 1 for all but a finite 
number of p is a multiplicative group of ideles A*. One has a principal adele (idele) if 

r = (r, r, ■ ■ ■ ,r, ■ ■ ■), (11) 
where rGQ (rGQ*=Q \ {0}). One can define a product of norms on ideles 

p 

where | ■ |oo denotes the usual absolute value. For a principal idele it yields 

n|r|p=l. (13) 



00 
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Equation ()13|) is a well-known product formula for nonzero rational numbers. An 
additive character on A"^ is 

Xbia) = exp27ri(-aoofeoo + 0262 H h apbp H ) 

= exp(-27ri aoo&oo) Y\_ ^^P {op^plp ' (14) 
p 

where a, 6 G A"*", and {xp}p denotes a fractional part of Xp. On an idele, 

A = (Aoo, A2, ■ ■ ■ , Ap, ■ ■ ■), (15) 
there exists multiplicative character 

7r(A) = 7roo(Aoo)vr2(A2)---vrp(Ap)--- = |Aoo|^ JJ '^p'?' (^^^ 

p 

where Coo and Cp are complex numbers. Note that in ()14j) and (fTT)|) only finitely many 
factors are different from unity. 

It may be of physical interest to construct adeles from series (jSI) while their 
arguments x belong to the principal adeles (fTTjl . 

Theorem 2: Let us have a sequence, 

'^lui^) = HAx), $;,',y'(x), ■ ■ ■ , <i>^]!'{x), ■■■), (17) 

where (pl^^x) is a real series defined by ^ , and <l>^',l/^(x) is a p-adic series defined by 
© If a; = r G Q then dTTj) is an adele. 

Proof: There is no problem with real function v^^j,(a;) for any x G Q. The general 
term of the p-adic series Q for g = 1/p is 

((/in + z/)!)^"+"~^ ^ p((/xn + z/)!)^"+"~' 
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It is obvious that |1 + p {{f^n + h')\)^"'~^'^\p = 1 . Hence the p-adic norm of (fTH|) is 

i|((/in + z.)!^+'^-^yx|7+^ (19) 

which, for a given x = r, can be larger than 1 only for a finite number of p. Since this 
conclusion is valid for any /i G N and u, n ^Nq it follows that |$^',y^(r)|p > 1 only for a 
finite number of p. So, it is shown that ^'fl}J^{x) is an adele when x is a principal adele. 

Note that instead of v^^i,(r), which is $^'°(r), one can take for the real term in 
fT7j) any of the series defined by 0- It is easy to see that 1/p in (fTTjl can be 

substituted by where s G N. 



4. ON SUMMATION 



It is not clear that there does exist ^ xQ for which series ((21) is a rational number. 
By an analogy with the real case of series one can expect that there is not such a 
possibility. For a trivial case, i.e. x = 0, one has 

*lU0)4l Izl' (20) 

We shall show that starting from series Q one can obtain a sum of the 
corresponding functional series. 

Theorem 3: The summation formula, 



n=0 



q + {{fm + u) 



\IJ,n+v 



{U\) 



(21) 



where (/xn + z/ + 1)^ = (/in + z/ + 1) (/in + z/ + 2) • ■ ■ (/^n + z/ + /i), has a place for all 
7^ X G M as well as for all 7^ a; G Qp for every p. 

Proof: Expansion (jH)) of $^]^'''(x) can be rewritten as follows: 



<^-]:\x) 



Z/! 



g+(^!: 



x" + {{fl + u)\) 



((2/i + z.)!)'^(/i + z/ + l);i+-i 



g+((2/x + z/)! 



g + ((/i + z/)!)^+^J 



+ 



(22) 



[v\r-^x'' 



X X 



{{^^ + y)\r{y + l) 

g + ((/^ + z.)!)'^+- 
((3/^ + z/)!)^(2/i + z/ + 1)2/^+^^-1 



+ 



g + ((3/i + z/)!)''^+" g + ((2/i + z/)!)=^^+^ 

Addition of (f^^ and with division by x'^ for x 7^ leads to formula (j25)- 
In the particular case (/i = 1, z/ = 0, x = —1, q = 1), we have 

{{n + 1)!)" [1 + (2 + n)(n!)"] + (n!)"^^ _ 1 



(23) 



„=o [l + (n!)«][l + ((n + l)! 

which is the result valid in M and all Qp. 



(24) 
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5. DISCUSSION AND CONCLUDING REMARKS 

The first question that we want to discuss is related to the possible applications of the 
power series Q • Recall that the interest in p-adic models is mainly motivated by 
some indications [Tl that space-time at the Planck scale should be analyzed using p-adic 
mathematics. According to this point of view, let us consider classical cosmological 
solutions of the Einstein gravitational equations. These equations for the scale factor 
R{t) of the homogeneous and isotropic universe are 

R{t) _ /c(p + 3p) (^.^ 
Rit) ~ 6 ' [rJ ^ R^~ 3 ' ^ ' 

where p is the energy density and p is the corresponding pressure {k = SttG; k = 
+ 1, —1, 0). Assume that p and p depend on time in the way that enables an application 
of © for R(t). Among the three cases let us choose the following one: 

A; = 0, 



ri 



d 1 ^ 

— ln(expg Ht) 



P,it) = -P,it) ln(expg Ht) , (26) 

R^{t) = H-^ exp^ Ht, H = 

An analogous situation is for k = 1 with R{t) = H~^ coshg Ht and k = —1 with 
R{t) = H~^ sinhq Ht. If k G Q all theses models may be treated either real or p- 
adic. By decreasing parameter g, expansion of the universe given by can be done 
arbitrary close to the de Sitter model. Namely, when g — >• : pg ^ A/k, — A/k, 

and Rq{t) — > R{t) = a/3 / A exp ^^/X/3t, where A is the cosmological constant. It would 
be interesting to find a scalar- field model that leads to Pg{t) and Pgit). A classical 
cosmological solution for k = +1 and Rq{t) = \/3/ A coshg ^J~KJ?,t can be further used in 
p-adic quantum cosmology |3] , which is a generalization of the Hart le- Hawking approach 
to the wave function of the universe. 

Let us suppose that the parameter g is a quotient (g = Ipi/l) of the Planck length 
{Ipi ~ 10"^^ cm) and a length that characterizes the given scale. For example, the 
unification length in the electroweak theory is about 10~^^cm and for the GUT one gets 
/ ~ 10~^^cm. In such a way only at the Planck scale parameter g (g = 1) cannot be 
neglected. So, g = 1 in the real case and g = 1/p in the p-adic case should be natural 
values in the high-energy limit {E ~ 10^^ GeV) . Taking ^^^\{x) instead of <^li_^{x) in 
()17|1 . one has a unification at the Planck scale of real and p-adic functions (jHj) in the 
form of adeles. 

Parameter g regularizes (j2|) to enlarge the region of convergence from \x\p < 1, p 2 
(and \x\2 < |) to the whole Qp . In the limit g ^ the regularized functions tend to 
the usual ones. 
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